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Abstract - This investigation is focused on an axisymmetric problem of thick circular plate in a 

viscothermoelastic diffusive body within the context of dual-phase-lag heat transfer (DPLT) and dual-

phase-lag diffusion (DPLD) models. The upper and lower surfaces of the thick plate are traction free and 

are subjected to particular types of thermal and chemical potential sources to depict the utility of the 

solution obtained. The solution is found by using Laplace and Hankel transform techniques and a direct 

approach without the use of potential functions. The expressions of displacement components, stresses 

and chemical potential are obtained in the transformed domain. Numerical inversion techniques are 

applied to obtain the resulting quantities in the physical domain. Some particular cases of results are also 

deduced.  

 

I. INTRODUCTION 

 

Diffusion is referred as the movement of particles from the regions of higher concentration to the regions of 

lower concentration. When temperature field, mass diffusion and strain are coupled together, Thermoelastic 

Diffusion (TD) takes place and it is a significant area among the oil companies for extraction of oil from the oil 

depositaries. The coupled thermo diffusive theory was formulated [1-3].  

The dual phase lag (DPL) model was developed by taking into account the macroscopic scale and microscopic 

level. The microscopic scale depicts the interactions between electrons and phonons whereas macroscopic level 

observes retarding sources causing a delayed response. In this model, the Fourier law has been replaced by an 

approximation to the modified Fourier law with two distinct time translations:  phase lag of temperature gradient 

τθ and phase lag of the heat flux τq[4-7]. 

Under the environmental factors like constant temperature, the linear theory of viscoelasticity plays a significant 

role. Due to the mechanical behavior of viscoelastic materials, the linear theory of viscoelasticity shows 

variations for the environmental factors such as humidity, presence of diffusion and temperature. The theory of 

bone viscoelasticity was presented and some theorems were studied [8]. Linear theories of viscoelasticity and 

Thermo –Viscoelasticity (TV) of binary mixtures were developed [9]. These theories are based on Kelvin–
Voight viscoelastic model. The importance of viscoelastic materials in many branches of engineering and 

technology was discussed [10]. 

 

II. WORK DONE 

 

Theory of TD was extended [11] for L-S (1967) model. In the thermoelastic theory with one relaxation time, the 

plane deformation because of thermal source was investigated [12]. A nonlinear theory of thermodynamics for 
elastic materials in which the particles have been subjected to classical displacement, temperature, and mass 

diffusion fields and whose microelements possess micro temperatures and micro concentrations was studied 

[13]. The authors analyzed thick circular plate problem including heat source in generalized TD [14].  A two-

dimensional generalized TD problem due to laser pulse was analyzed [15]. TD with two time delays and Kernel 
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functions was discussed [16].  The authors studied the homogeneous isotropic micropolar porous thermoelastic 

circular plate problem by using the Eigen value approach [17]. 

 

The effects of variable thermal conductivity and phase-lags with a cylindrical cavity were discussed in a TV 

solid [18]. The authors presented a new solution for nonlinear dual phase lagging heat conduction problem [19]. 

Under the gravitational field, the effect of rotation was studied for DPL model in a micropolar 

magnetothermoelastic solid [20].  

A microporous thermoelastic circular plate considered in two dimensions was studied for the case of ramp type 

heating [21]. 

The authors have established expressions for the thermoelastic damping along with frequency shift of coupled 

DPL generalized visco-thermoelastic thin beam [22].Nanoscale heat transfer model was proposed. This model 

was based on the Caputo type fractional DPL heat conduction equation with the temperature jump boundary 

condition [23].  

The explicit expression of basic solution of the system of differential equations in linear theory of micropolar 

viscoelasticity in terms of elementary function was formulated [24]. The authors discussed the reflection of 

waves in a micropolar thermo viscoelastic medium with microtemperature and study the effects of viscosity and 

microtemperature on the deviation of reflected waves [25]. The investigation was done for studying  the 

disturbances in a homogeneous transversely isotropic magneto-visco thermoelastic rotating medium with two 

temperature due to thermomechanical sources [26]. The formulation of the generalized governing equations for 

the non-local heat conduction model was done and further the investigated a one-dimensional elastic half-space 

problem [27]. In order to investigate investigate the transient phenomena due to the influence of the magnetic 

field, the study based on Lord–Shulman (LS) theory of generalized thermo-visco-elasticity was done [28]. In the 

present investigation, two diffusion phase lags are used to introduce a generalized form of the equation of mass 

diffusion. One phase lag of diffusing mass flux vector is used to represent the detained time needed for diffusion 

of mass flux. Second phase lag of chemical potential is used to represent the detained time needed for inception 

of potential gradient.The fundamental equations for the isotropic VT diffusion medium in the light of DPL heat 

transfer and DPL diffusion models are presented.Two dimensional axisymmetric problem of thick circular plate 

due to thermal and chemical potential source is investigated.The components of displacement, stress, chemical 

potential, temperature and mass concentration are obtained by using Laplace Transform (LT) and Hankel 

Transform (HT) techniques and a direct approach without the use of potential functions. Some particular cases 

in this thread are also discussed. 

III. BASIC EQUATIONS 

 

For a homogeneous isotropic thermoelastic solid with DPL heat transfer and DPL diffusion models, the 

equations of motion, heat conduction and mass diffusion in the absence of body forces, heat sources and mass 

diffusion sources [29] are 

 

      (1) 

    (2) 

   (3) 

and the constitutive relations are 

       (4) 

),     (5) 

        (6)  

         (7) 

         (8)  

In equations (1) – (8) 

 - displacement vector, P - chemical potential per unit mass, C - mass concentration,  - Laplacian operator,  

- Nabla (Gradient) operator;  ,  - Lame's constants, D - diffusivity, = = ,  

 – is linear diffusion expansion Coefficient,  – is thermal linear expansion Coefficient,  – temperature 

gradient phase lag,  - heat flux phase lag,  - chemical potential phase lag,  - diffusing mass flux vector 

phase lag,  - Thermal conductivity, a - coefficient describing the measure of thermodiffusion, b - coefficient 
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describing the measure of mass diffusion effect,  - specific heat. In these equations, superposed dot represents 

a derivative w.r.t. time and comma followed by suffix represents the spatial derivative.  

IV. METHODOLOGY 

 

We assume a thick circular plate whose thickness is 2b  and occupying the space D defined by  , 

 in viscothermoelastic diffusion with dual phase lag model. We take the cylindrical polar co-

ordinate system  whose symmetry is about -axis.  

The plate is assumed to subject to chemical potential source and an axisymmetric heat supply whose boundary is 

stressed free and depends upon the axial and radial directions of cylindrical polar co-ordinate system.  is the 

initial temperature, considered to be constant in the thick circular plate. The heat flux and chemical potential 

source are taken along diminishing of the stress components on  upper and lower boundary surfaces with 

traction free boundary  and these are of unit magnitude. In these circumstances, it is required to 

determine the physical quantities in a thick circular plate. Since it is a plane axisymmetric problem, the field 

component  , and  and C are independent of  and we will confine the analysis to a two 

dimensional problem with 

           (9)  

Equations (1) - (6) with aid of equation (9) gives 

,       (10)  

 ,       (11)     

(1+ ,       (12) 

  (1+      

(13)  

Components of stress & chemical potential given by equations (14) - (20) reduce to the form 

          (14) 

  

 ,          (15) 

  

     (16)  

            (17)  

,             (18)  

            (19)  

       (20)  

where 

 ,  ,    ,  , , 

 .          (21)  

To facilitate the solution, the following dimensionless quantities are introduced 
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where 

 ,          (23)  

Using (22) and (23) in equations (10)-(13) and after that suppressing the primes and then applying the LT &HT  

defined by  

   (24) 

                                                                                (25) 
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Now applying on resulting equations and after simplification, we obtain 

        (26) 

  

( =0,       (27) 

         (28)  

where 

  ,         ,         ,  

   ,         ,         ,         , 

 , ,  ,  .   (29) 

Eliminating the dilatation strain  the temperature and concentration  from the equations (26) - (28), we 

obtain  

( ) , = 0      (30) 

Applying the HT defined by (25) on (30) and after simplification, we obtain 

     (31)                                                 

where 

   ,     (32) 

  

   ,       (33) 

  

 .         (34)  

General solution of equation (31) may be written as 

     (35)                                                   

where 

 (i= 1, 2, 3)  is the general solution of the homogenous differential equation 

       (36) 

  

where 

   and    are the roots of the characteristic equation 

 = 0         (37)  

The solution of equation (36) is expressed as 

                    (38) 

  

where 

 
Similarly, the dilation and concentration  are obtained from equations (26) - (28) as  

        (39) 

  

        (40) 

  

where   , are the coupling constants. 

,        (41) 

  

,       (42) 

  

and  are arbitrary constants 

Applying inversion of HT on equations (38)- (40), we obtain 

,      (43) 
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,      (44) 

  

,      (45) 

  

Making use of equations (26) - (28) and (43) - (45), we get displacement components in transformed domain as  

    (46) 

  

    (47) 

  

where 

,  ,     (48) 

  

Applying the LT defined by equation (24) on equations (42) - (45) and (48) yields stress components & 

chemical potential in Laplace transformed domain and then substituting the values of ,  from equation 

(43) - (44) and equations (46) - (48) in the resulting equations yield the stress component and chemical potential 

as 

      (49)   

        (50)   

       (51) 

             (52) 

                                  (53) 

   

where 

, ,       (54)  

V.  BOUNDARY CONDITIONS 

 

We consider thermal source & chemical potential source with diminishing of the stress components on surface 

at . These may be written as mathematically  

,            (55)                                             

           (56)                                             
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          (57)                                             

         (58) 

where 

,          (59) 

 is constant temperature of boundary, : the Dirac delta function and H( ) is Heaviside unit step function. 

Applying LT defined by equation (24) and HT defined by equation (25) the boundary conditions (55) - (58), 

yield 

 

          (60) 

=0                                                                                  (61) 

           (62) 

          (63) 

where 

         (64) 

 Applying the inverse HT on equations(60) - (63) and then substituting the values of   ,    ,   ,   from 

equations (43), (51) - (53) in  the resulting equations, we obtain the values of unknown parameters as 

 

,  ,   ,        (65) 

  

where 

 

 

   

0 

 

  
  

 

   

 

   

0  

 

 

 ,    ,     ,  ,        (i=1,2,3) 

and   is obtained from , by interchanging ith  column with  , where  denotes 

the transpose. 

Components of displacement, stress, temperature change & chemical potential are obtained by substituting the 

values of Ai from equation (65)in the equations (46) - (47) & (49) - (53) for viscothermoelastic with DPL model. 

 

VI. INVERSION OF TRANSFORM 

 

To get solution of problem in physical domain, we need to invert transforms. The components of displacement, 

temperature change, normal stress, mass concentration, sheer stress and chemical potential are functions of , 

the parameter of LT and HT  and respectivly and thus are of the form . We first invert the HT 

which gives the LT expression  of the function  as     

  (66) 

The inversion of transformed function  is 

         (67) 

 

VII. PARTICULAR CASES 
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(i) If Qi= 0 (i=1,2,3) in equations (46) - (47) & (49) - (53) we acquire the corresponding expressions for 

thermoelastic with DPL model. 

(ii) If we ignore the diffusion effect (i.e.  in equations ((46) - (47) & (49) - (53),  we get expressions 

for the displacement components, stress, temperature change and chemical potential for viscothermoelastic 

isotropic half space. 

 (iii) If , in equations (46) - (47) & (49) - (53), then the corresponding relations reduces to    

viscothermoelastic with DPL model. 

 (iv) If  and , in equations (46) - (47) & (49) - (53), then corresponding results for DPL heat 

transfer and DPL diffusion models reduce to single phase lag heat model and single phase lag diffusion 

model for viscothermoelastic model. 

VIII. CONCLUSION 

 

The present investigation is focused on the behavior of thick circular plate in viscothermoelastic diffusion with 

and without DPL due to thermal and chemical potential sources. The fundamental equations for the isotropic TD 

medium in the light of DPL heat transfer and DPL diffusion models in axisymmetric form are presented. LT and 

HT are applied to get the solution of problem. Present problem gives results of great use for two dimensional 

dynamic responses due to many sources in viscothermoelastic diffusion which has many industrial and 

geophysical applications. A sound impact of viscosity on components of stress, chemical potential and 

displacement in the thick circular plate has been observed.  
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